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In this paper we initiate a general classification for Lie algebras of order 3 and we give all Lie algebras 
of order 3 based on sl(2, C) and iso(l, 3) the Poincare algebra in four-dimensions. We then set the basis 
of the theory of the deformations (in the Gerstenhaber sense) and contractions for Lie algebras of order 
3. 
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1 Introduction and motivation 



Oh" The concept of symmetry, and its associated algebraic structures, is central in the understanding of the 

properties of physical systems. This means, in particular, that a better comprehension of the laws of physics 
may be achieved by an identification of the possible mathematical structures as well as their classification. 
For instance, the properties of elementary particles and their interactions are very well understood within 
Lie algebras. Moreover, the discovery of supersymmetry gave rise to the concept of Lie superalgebras which 
becomes central in theoretical physics and mathematics. Of course not all the mathematical structures 
would be relevant in physics. For instance, they are constraint by the principle of quantum mechanics and 
relativity. This was synthesize in two no-go theorems which restrict drastically the possible Lie algebras [2] 
C$ ' and Lie superalgebras [15] one is able to consider in physics. 

But it turns out that Lie (super)algebras are not the only allowed structures one is able to consider. 
Several attempts to construct models based on different algebras were proposed. Here we focus on one of 
the possible extensions called fractional supersymmetry 0|l|SllS[Tl[T3liniinil21l21l23l2Hll25] together 
with its associated underlying algebraic structure named F— Lie algebra or Lie algebra of order F [26] [27] 
(note that a different approach has been proposed in [17]). Lie algebras of order F lead to new models of 
symmetry of space-time i. e. lead to some new non-trivial extensions of the Poincare algebra, which involves 
F— arry (F > 3) relations instead of the usual quadratic ones [20] [21] [22] [29]. These new structures can 
be seen as a possible generalization of Lie (super)algebras. An F— Lie algebra admits a Zi?— gradation, the 
zero-graded part being a Lie algebra. An F— fold symmetric product (playing the role of the anticommutator 
in the case F = 2) expresses the zero graded part in terms of the non-zero graded part. 

Subsequently, a detailed analysis when F = 3 and for a specific extension of the Poincare algebra was 
undertaken together with its explicit implementation in quantum field theory [5D] [5TJ HH 12H] • However, this 
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general study reveled some difficulties that are not already resolved. This means that in order to understand 
the impact of these new structures, a general algebraic study should be undertaken. Thus, the aim of this 
paper is two-fold. Firstly a general classification of Lie algebra of order 3 is initiated when the zero graded 
part of the algebra is either (i) s[(2) or (ii) the Poincare algebra in four dimensions iso(l,3). It is then 
shown that the structure of the algebra is relatively rigid and a few examples of Lie algebras of order 3 
are possible in the former case (see Theorem 13. Although in the latter cases, since the generators of the 
space-time translation commute, there are many possible extensions of the Poincare algebra (see Theorem 
14.8ft Secondly, a theory of deformations and contractions is presented. This can be seen as a natural extension 
of the theory of contraction/deformation of Lie (super)algebras (see for example [HI [T3]) to Lie algebras 
of order 3. Indeed, contraction/deformation are relevant in physics in the sense that they may provide a 
relationship between two different theories. For instance, the Poincare algebra of special relativity and the 
Galiean algebra of non-relativistic physics are related through an Inonii-Wigner contraction. In the same 
way it is known that the N— extended supersymmetric extension of the Poincare algebra can be obtained 
through a contraction of the superalgebra osp(4\N). Similarly the extension of the Poincare algebra studied 
in [2Ql EU [22l El] was obtained through a contraction of a certain Lie algebra of order 3 [26] . 

The content of the paper is organised as follow. In the next section the definition of Lie algebras of order 
F is recalled. Explicit examples are then given. In section three a classification of all Lie algebras of order 3 
associated to s[(2) is given. Section four is devoted to a general study of Lie algebras of order 3 associated to 
the Poincare algebra in four dimensions iso(l, 3). In section five the general notion (in a topological sense) of 
contractions is defined. This notion being too general more useful contractions (Inonii-Wigner contractions) 
are introduced. Section six is devoted to the implementation of the theory of deformations of Lie algebra of 
order 3 in the Gerstenhaber sense. Infinitesimal and isomorphic deformations are then introduced. 

2 Lie algebras of order 3 

In this section we recall the definition and some basic properties of Lie algebras of order F introduced in 
[2l>] and [57] and we define the algebraic variety of these algebraic structures. 

2.1 Definition and examples of elementary Lie algebras of order 3 

Definition 2.1 Let F £ N* . A Tip-graded C— vector space q = g © 01 © 02 • • • © Qf-i is called a complex 
Lie algebra of order F if 

1. go is a complex Lie algebra. 

2. For all i — 1, . . . , F — 1, Qi is a representation of go. If X G 0o, Y G Qi then [X, Y] denotes the action 
of X G 0o on Y G 0i for all i = 1, • • • F — 1. 

3. For all i = 1, . . . , F — 1 there exists an F— linear, qq— equivariant map 

Hi : S F (gi) — > go, 

where S F (Qi) denotes the F—fold symmetric product of Qi, satisfying the following (Jacobi) identity 

F+l 

K ,^(Y 1 ,...,Y^ 1 ,Y 1+1 ,..., Y F+1 )} = 0, 

for all Yj G Q l , j = 1,..,F+ 1. 

Remark 2.2 If F = 1, by definition = 0o and a Lie algebra of order 1 is a Lie algebra. If F = 2, then 
is a Lie superalgebra. Therefore, Lie algebras of order F appear as some kind of generalisations of Lie 
algebras and superalgebras. 

Note that by definition the following Jacobi identities are satisfied by a Lie algebra of order F: 
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For a nyX,X',X"£ 0o , 



[[X, X'] , X"] + [[X', X"] , X] + [[X", X] , X'] = 0. Jl 
For any X, X' G go and Y G Qi, i = 1, ..,F — 1, 

[[X, X'] , y] + [[X\ Y],X} + [[Y, X] , X'} = 0. J2 

For any X G g and G j* = 1, . . . , -F, i = 1, . . . , F - 1, 

[x, mpi, ...,y f )} = m([x, Fi] , . . . , y f ) + ■ ■ ■ + tup!, ...,[x, y f \) . J3 

For any Yj G Qi, j = 1, ...,F+ 1, i = 1, 1, 

^ K-,/i i (Fi,...,Vi,F J - +1 ,...,F F+1 )]=0. J4 

3=1 

Proposition 2.3 Let g = go © gi © • • • © Qf-i be a Lie algebra of order F, with F > 1. For any i = 

1, . . . , F — 1, the Z,p— graded vector spaces go © 0i is a Lie algebra of order F . We call these type of algebras 
elementary Lie algebras of order F. 

In [26] an inductive process for the construction of Lie algebras of order F starting from a Lie algebra 
of order F± with 1 < F\ < F is given. In this paper we are especially concerned by deformation and 
classification problems. Moreover, we restrict ourselves to elementary Lie algebras of order 3, g = go © 0i- 
We also denote the 3— linear map [i\ by the 3— entries bracket {., ., .} and we refer to it as a 3— bracket. 
Non-trivial examples of Lie algebras of order F (finite and infinite-dimensional) are given in 26J and 27J. 
We now give some examples of finite-dimensional Lie algebras of order 3, which will be relevant in the sequel. 

Example 2.4 Let go = so(2, 3) and gi its adjoint representation. Let { J ai a — 1, • • • , 10} be a basis of go 
and {A a = ad(J a ),a = ,10} be the corresponding basis of Q\. Thus, one has [J a ,A b ] = ad([J a , J b ]). 

Let g a b = Tr(A a A b ) be the Killing form. Then one can endow go © gi with a Lie algebra of order 3 structure 
given by 

{A a , A b , A c } = g ab J c + g ac J b + g bc J a . 

Example 2.5 Let go be the Poincare algebra in four dimensions and {L mn , P m : L mn — —L nm , m < 
n, m, n, = 0, . . . , 3} be a basis of go with the non-zero brackets 

[Lmn: Lpq\ — ^nqLpm ^ImqLpn © ^npLmq T]mpLnq: 
[Lmn: Fp\ VnpF m f]mpPn- 

Let now gi be the A— dimensional vector representation o/go, the action of go on gi is given by 

[Lmn: ^pj — VnpY 7n ?]mpYn: [Pm: ^n] 

where {V m ■ m, = 0, . . . , 3} is a basis of gi. The following brackets on gi 

{Km Y n , V r } ^]mnF r ~f~ T\mrPn © VrnFm: (^-^) 

with the metric rj m n = diag(l, — 1, —1, —1) endow goffigi with an elementary Lie algebra of order 3 structure. 
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2.2 The variety elementary T m >n of Lie algebras of order 3 

Let g = go © 9i be an elementary Lie algebra of order 3 and let A — (g ® g ) © (flo ® 0i) © <S 3 (gi). The 
multiplication of Lie algebra of order 3 is given by the linear map 

satisfying the conditions J1-J4. Let (pi, if2, <^3 be the restrictions of (p to each of the terms of A 

<Pi ■ 0o ® 0o -> 00, 

<^2 :flo®0i - > 0i J 
<P3 : S 3 (fli) -> 0o- 

We denote this by ip — (ipi, ip 2 , Pa)- 

Let {Xi : i = 1, . . . , to} and resp. {Y a : a — 1, . . . , n} be a basis of go an d resp. g±. The maps 
(i = 1,2,3) are defined by their structure constants with regard to this basis 

<pi{X h = C§X k , <P2{X h Y h ) = D c lb Y c and <p 3 (Y a , Y b , Y c ) = E^X,. (2.3) 
The structure constants (Ch, D^ b , E l ab( ^) verify the following conditions: 

ij ji ' 

jpi rpi rpi jpi rpi rpi 10 A\ 

a abc — ^acb ~ ^bac ~ ^bca ~ ^cab ~ ^ cba- 

and the polynomial equations corresponding to the Jacobi conditions J1-J4 are: 

sit /~ivn 1 fit /~trn 1 s~it r~im r\ 

^ij^tk ' ^jk^li ' ^ki^tj — U ' 

C%D c ha ~ D) a D c lb + D b ia D c jb = 0, (2.5) 

Tpj r*k r-id rpk j-)d j^k j-)d rjk r\ 

^abc^ij ~ U ia rj dbc ~ U ib^adc ~ U ic^abd — U ; 

D L E bcd + D ib E lda + D L E dab + D id E abc = 0- 

Let be the vector space whose elements are the N— tuple (C*- , E^ , -DLj.) , with N = mC 2 m + ran 2 + mC^ . 
The polynomial equations (|2.5p determine an algebraic variety T m ^ n embedded in C N . Each point of T m>n 
correspond to an (to + n)— dimensional Lie algebra of order 3. Thus we identify any elementary Lie algebra 
of order 3 with the bracket ip to a point of T m<n . 

Let us now consider the action of the group GL(m,n) = GL(m) x GL(n) on T m ,n- For any (ho,h\) € 
GL(m, n), this action is defined by 

(ho, hi) ■ (<fi,<p2,<Pa) -> (<p'i,(P2,<ds) 

where 

ip'i(Xi,X 2 ) = h Q 1 ip 1 (h (X 1 ),h (X 2 )), 
^2(Xi,Y 2 ) = hi 1 ( P2 (h Q {X 1 ),h 1 {Y 2 )), 

^(Yi,r 2 ,y 3 ) = ^VsfaiPUM^M^)), (2.6) 

where (Yj., Y2, Y3) represents an element of 6> 3 (gi). The group GL(m, n) can be embedded in GL(n + m). It 
corresponds to the subgroup of GL(m + n) which let invariant the subspaces go and gi of g. Denote by O v 
the orbit of (p = (ipi, tp 2 , ^3) with respect to this action. Then the algebraic variety T mn is fibered by theses 
orbits. The quotient set is the set of isomorphism classes of (m + n)— dimensional elementary Lie algebras 
of order 3. 
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3 s[(2)-algebras of order 3 

In this section we study complex Lie algebras of order 3, 0o © 01 f° r which g = sl(2) and Qi is an arbitrary 
representation of st(2). We denote by X+, X_, Xq a standard basis of go 

[X 0) X+] = 2X+, [X , X_] = -2X_, [X+, X_] = X , (3.1) 

and T>i (£ £ N) an irreducible representation of dimension I + 1 . 

Theorem 3.1 The graded complex vector space Q = sl(2) © Qi, with Qi a representation o/s[(2) is provided 
with a non-trivial Lie algebra structure of order 3 if and only if: 

1. Q\ = T>2 (T>2 = (Ya, Yq, Y-2)^ with the non-zero three-brackets 

{y 2 ,y_ 2 ,y } = x , {y ,y ,y } = ex , 

{Y 2 ,y_ 2 ,Y 2 } = 2X+, {Y 2 ,Y ,Y } = 2X+, (3.2) 

{y_ 2 ,y 2 ,y_ 2 } = 2A% {y_ 2 ,y ,y } = 2X_. 

2. Ql ^D 2 ® © • • • © V { k) (V 2 = (Y 2 ,Y , Y- 2 ),V ( k) = (X k ) ), with the non-zero three-brackets 



{Xi,Xj,Y 2 } = aijX + , 

{A,,Aj,io} = otijXo, (3-3) 
{Ai,Aj,y_2} = atijX-. 



and otij £ 



3. Qi = T>i © T>o (D\ = (Yi,y_i),I?o = (A) ), with the non-zero three-brackets 

{A, Y, Y} = -2X+, 
{A, Yi,y_i} = X , (3.4) 

{A,y_x,y_i} = 2x_. 

Proof. Since gi = @T)g, k , with T>i k an irreducible representation of dimension + 1, the 3— brackets 

k 

{0i,0i,0i} contain terms like (i) {T>i 1 ,T> tl ,V^}, (ii) {V^V^.V^}, (iii) {D ll ,V ti ,'Di 3 }. 

I. Consider firstly the case {T>e, T>i,T>e}. A simple weight argument shows that I is even, furthermore 
the non-vanishing three brackets are 

!a ijk X + i+j + k = 2, 
Pij k X i+j + k = 0, 
7yfeX_ i+j + k = -2. 

Suppose firstly that 1 — 2. The action of st(2) on T> 2 is 

[x ,y_ 1 ] = -2y_ 1 , [x_,y ] = 2y_i, [x_,y 1 ] = -y , 

[x + ,y_ 1 ] = y , [x + ,y ] = -2y 1 , [x ,y 1 ] = 2y 1 . l °- 0J 

^From symmetry considerations one has a^-fc = 7_,._j ! _fc, and the Jacobi identity J3 gives a\,\,-i = «i.o,o = 
7_i._i ! i = 7-1,0.0 = 2^/31,-1.0 = ^A).o,o = 6t, with t £ C. Furthermore, a direct calculus shows that the 
Jacobi identities J4 are satisfied for any t. If t = 0, the Lie algebra of order 3 is trivial. If t ^ all the 
algebras are equivalent. Since for s[(2) the Casimir operator is given by Q = ^H 2 + X + X- + X-X + we 
have Tr(X + X-) = p + _ = g h = 1, Tr(X X ) = g 00 = 2 and the three-brackets (|3.2|) can be rewritten [26] 

{Y, y, Yfe} = gijX k + gjkXi + gkiXj, 
(here X + , Xo, X- are denoted X 2 ,Xq, X- 2 ). 
Now we assume that £ > 2 and we prove that {T>(, Vt,T>i} = 0. 
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1. The bracket {Y , Yq, Y } = as a consequence of J4 applied to (Yg, Y , Y , Yo). 

2. The bracket {Y , Yo, Yi} — as a consequence of J4 applied to (Yo, Yo, Y , Y{). 

3. The bracket {Y , Y i} Yj} = 0, i + j ^ as a consequence of J4 applied to (Y , Y , Yi, Yj). 

4. The bracket {Y , Y i} Y-i} = 0. If i ^ 2 this is a consequence of J4 applied to (Y , Yi, Yi, Y-i) and if 
z = 2 this is a consequence of J4 applied to (Yg, Y , Y 2 ,Y- 2 ). 

5. The bracket {Yi, Yj,Yk} = 0, i + j + k ^ as a consequence of J4 applied to (Yq, Yi, Yj, Yk). 

6. The bracket {Yi, Yj, Y_j_j} = 0asa consequence of J4 applied to (Yk, Yi, Yj, Y_j_j) with fc 7^ i, j, — i — 
j,0. Such a k always exists since the dimension of Vg is bigger than 5. 

II. Consider now the case { r Dg 1 ,T>g 1 ,'Dg 2 } . 

• Wc prove now that {Vg, Vg,T> } = for all I but I = 1. 

1. It is easy to see that I = leads to a trivial Lie algebra of order 3. 

2. If £ = 1 we denote D =< A > and D x =< Y x ,Y-\ >■ The action of sl(2) on X>i is 

[X ,Y 1 ]=Y 1 , [X+,Y_ 1 ]=Y 1 , 

[X_,Y 1 ]=Y_ 1 , [x ,y_i] = -y_i, 

and a simple weight argument gives 

{A,Y 1 ,y 1 } = ax+, {A,y 1 ,y_ 1 } = /3x , {A,y_ 1 ,y_ 1 } = 7 x_. 

The Jacobi identities J3 and J4 give a = —It, f3 = t, 7 = 2t, t E C. 

3. If £ = 2 using the Clebsch-Gordan decomposition T>2®T> 2 — T> 4 Q) T> 2 ® T> , since the representation 
2?2 is antisymmetric in the permutation of the two factors T> 2 , we have {T> 2 , T> 2 ,T>o} = 0. 

4. If £ > 2, we denote Vg =< Yg, Yg- 2 , . . . , Y_g >. A simple weight arguments shows that the possible 
non-vanishing 3— brackets are: {A,y,y_ i+2 }, {A, y,y_,} and {A, y, y_j_2}- 

(a) The brackets {A, Yi, Y- i+2 } = 0, i ^ 0, —2, t as a consequence of J4 applied to (A, Yi, Yi,Y- i+2 ). 

(b) The bracket {A, Yq, Y 2 } = as a consequence of J4 applied to (A, Yo, Y 2 ,Y 2 ). 

(c) The brackets {A, y_ 2 , Y4} =0 as a consequence of J4 applied to (A, Y- 2 ,Y- 2 ,Y 4 ). 

(d) The brackets {A, Yg, Y-g +2 } = as a consequence of J4 applied to (A, Yg , Y-g +2 , Y-g +2 ). 

(e) The brackets {A, Yi, Y-i} = 0, i ^ as a consequence of J4 applied to (A, Yj, Yi, Y-i). 

(f) The bracket {A, Yo, Yo} = 0, as a consequence of J4 applied to (A, Yo, Yo, Yg). 

(g) The brackets {A, Yi, Y-i-2} go along the same line as the brackets {A, Y, Y_ i+2 ). 

• We now consider the brackets of type {Vg, T> , T> }. By a weight argument and identity J4 one has 1 = 2 
and the non-trivial 3— brackets are: 

{A,A,Y 2 } = aX+, 

{A,A,Y } = aX , 

{A,A,Y_ 2 } = al_. 

• We now prove that {V tl , V tl , Vg 2 } = with l Y , i 2 ^ 0. 
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1. Let £\ = £2 = 2, wc denote 2? 2 = (X, Yq, Y_ 2 ), 2? 2 = (Y 2 , Xo'i ^-2) the two three-dimensional representa- 
tions. In this case, we have four types of brackets : {T>2,T>2,T>2}, {V2,V 2 ,V 2 },{V2,V 2 ,V 2 },{'D 2 ,'D 2 ,'D' 2 }. 
The possible non- vanishing three-brackets are 



{y, y 2 , yl 2} = {y 2 ', y, y_ 2 } = a 2 x+ {y 2 , y , y '} - a 3 X+ {X', X, X>} - a 4 X+ 

{y_ 2 , y_ 2 , y 2 '} = {y! 2 , y_ 2 , y 2 } = a 2 x_ {y_ 2 , y , y '} - « 3 x_ {yi 2 , y, y } = a 4 x+ (3.6) 
{x, y- 2 y '} - fcXo {y, y, yi 2 } = fox {y 2 ', y_ 2 , y} - /3 3 x {y, y, y '} = p±x a 

(plus similar terms with {Y 1 , Y', Y} and coefficients a' 4 , ■ ■ ■ , (3' 4 , as {Y 2 , Y 2 , Y- 2 } = a[X + , etc.). Work- 
ing out the Jacobi identity J4, one gets that the coefficients a, a\, ■ ■ ■ , (3a, ot' , a' 1; • • • ,/3' 4 must be zero. 
In fact one has 

(a) {Y 2 ,Y 2 ,YL 2 ,YL 2 ) gives ai = a[ = 0; 

(b) (y_ 2 , y_ 2 , y 2 , y 2 ') gives a = a 2 = (resp. a 1 = a' 2 = 0); 

(c) (yj, y ', y, y) gives a 3 = (resp. a' 3 = 0); 

(d) (y, y, y, y 2 ) gives a 4 = (resp.a^ = 0); 

(e) (y, y, y_ 2 , y ') gives ft = (resp.# = 0); 

(f) (y, y, Y 2 ,YL 2 ) gives p 2 = (resp./3 2 = 0); 

(g) (y_ 2 , Y , Y>, y 2 ') gives 03 = 0(resp. $ - 0); 

(h) (y, y, y, yj) gives ft = (resp. (3' 4 = 0). 

Thus all the brackets vanishes. 

2. £j ± 2, 4 arbitrary © /l =< Y tl , Y tl -2, ■ ■ ■ , Y-u > and v ^ =< X 2 , X/ 2 -2> ■ ■ ■ . X^ 2 >■ We consider the 
bracket {y , Yj, Y£}. The identity J4 applied to (y , y , Yj,Y£) leads to the vanishing of the 3— brackets 
except when 2i + k ± 0, ±2 or (i ^ £ and i + j + k^2). The identity J4 applied to (y , Y, , Yj , Yj.) leads 
to the vanishing of the 3— brackets except when 2j + k ^ 0, ±2 or (j ^ £ and i + j + k ^ 2). The cases 
that remains to be studied are: 

(a) If k = —2j + 2 = —2i + 2 then i = j and the bracket {y , y, Y!_ 2i+2 } vanishes. 

(b) If k = —2j + 2 = —2i then i = j — 1 which is not possible. 

(c) If k = —2j + 2 = —2i — 2 then j = i + 2 and the bracket reduces to {y , y+ 2 , XI 21-2}- Then identity 
J4 applied to (Y tl , Yi,Y i+2 ,Y'_ 2i _ 2 ) and to (Y- tl , X, Y i+2 ,Y'_ 2i _ 2 ) leads to {y , Y i+2 , Y'_ 2i _ 2 } = 0. 

(d) If k = —2j = —2i then i = j and the bracket vanishes as before. If k = —2j = —2i — 2 then 
.7=i + l which is also excluded. If k = — 2j — 2 = — 2i — 2 then i = j and the bracket vanishes as 
before. 

3. Let l\ = 2, £2 7^ 2 and consider the brackets of the type {D 2 ,P 2 ,2?£ 2 }. The Jacobi identity J4 applied 
on {Y n , y 2 , y/ 3 , y/ 3 ) with Y n , y 2 e V 2 and y 3 e P 3 leads to {D 2 , V 2 , V t2 } = 0. 

III. Consider now the case {2?^ 1 ,P^ 2 ,2?£ 3 }. 
If £\ = l 2 = 0, by weight arguments we have £ 3 = 2 and the possible non- vanishing three brackets are 



{y, Yj,Y k } = agijX k + ag jk Xi + ag ki X 0l 
{Y!, Y\, Yl} = a'g t3 X k + a'g jk X t + a'g ki Xj 



{Ai,A 2 ,y 2 } 

{Ai,A 2 ,y} 
{Ai,A 2 ,y_ 2 } 



c*i 2 X + , 
(X12X0, 
a\ 2 X-. 



where 2?q = 



< Ai >,©; 







< a 2 > and v 2 =< y, y , y_ 2 > ■ 
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• If l x = and t 2 , i 3 f the Jacobi identity J4 applied to (A, Y, Y, Y') with X£V ,Y £ Vg 2 , Y' £ Ve 3 leads 
to {A, Y, Y'} = except if l 2 =i 3 = l. 

• If l\ = and £ 2 = ^3 = 1, denoting £>i =< Yi,Y^i >,V[ =< Y(,Yi-y >,T> =< A >, the non-vanishing 
brackets are 

{Y x , Y x , A} = - 2aX + , { Y x , y_ x , A} = aX , {Y_ x , K_ x , A} = 2aX_ 

{y, y/, a} = -2a'x+, {y/, y^, a} = a'x 0) {y^y^, a} = 2a' x^ 

{Y 1 ,Y{,\}=p 1 X + , {Y 1 ,YL 1 ,X} = (3 2 X , {Y{,Y^,X} = (3 3 X , {Y^Y^X} = faX- 

The Jacobi identity J4 with (A, Y u Yx, Y!_ x ) implies a = [3 2 = 0, with (A, Y"/, y, Y-i) implies a' = /3£ = 0, 
with (X,Y 1 ,Y_ 1 ,Y{) implies j3 x = and with (A, Yli, y, yi x ) implies /3 4 = 0. 

• if ii, £ 2 , e 3 ^ o, let yefd.y'e x><? 2 , y" e z>* 3 . Then J4 applied to (y y y, y") leads to {y y , y"} = o. 

Taking all the cases obtained above, the only Lie algebras of order 3 associated to st(2) are g = s[(2)©2?2, 
= s[(2) 8 D 2 8 8 • • • 8 Vf ] or = st(2) 8 £>o 8 X>i with brackets given in fg^l . (j3~3)) and 1^3]) , QED. 

Remark 3.2 In £u;o families of algebras associated to 5p(n) were constructed. We have however check 
that they coincide when n = 1 i.e. forsl(2). This algebra is the one given in Ea. \3.2}j . The algebra (13 .3[) was 
also obtained in \26f and the algebra (|3 .4[) in [26] and \Tj. 

4 Poincare algebras of order 3 

In this section we study and provide a systematic method to obtain all elementaries Lie algebras of order 
3, = 0o 8 0i where 0o is isomorphic to the Poincare algebra and 0i is an arbitrary finite dimensional 
representation of the Poincare algebra. Such algebras are called Poincare algebras of order 3. 
To construct these algebras, we proceed in several steps. Firstly, we extend the action of so(l,3, C) = 
so(l, 3)<8)rC on 0i, with 0i a finite dimensional representation of so(l, 3, C), to the action of the complexified 
Poincare algebra on 0i. Then, we construct the so(l, 3, C)— equivariant mappings from 5 3 (0i) into 2?i,i, with 
X>i_i the vector representation of so(l, 3, C). Finally, we obtain all Lie algebras of order 3, = (so(l, 3, C) 8 

£>i,i) 8 0i. 

4.1 Finite dimensional representations of the Poincare algebra 

The Poincare algebra in (1 + 3)dimensions iso(l, 3) (see Example 12.51 for notations) is given by 



[Pmn> Ppq\ — r] n qLp m rj ra qLp n 8 r/ n pL m q rj m pL n q : 

[-Lmni Pp\ — VnpPm ^mp^Ji! [-^Tns -^n] — 0, (4.1) 

where r\ mn is the Minkowski metric. Let iso(l, 3, C) = iso(l, 3) <8>rC be the complexified of iso(l, 3). Its Levi 
part is isomorphic to sl(2) 8 sl(2). Consider in (|4.1[) the following change of basis 



Uq = iL\ 2 — L03; Vo = iL\ 2 + Lq 3 ; 

U+ = \ (iL 23 - L 3 i - L 01 - iL Q2 ) ; V+ = h {iL 23 - L 3X + L m + iL 02 ) ; 
U- = 5 {iL 23 + L31 - L 01 + iL 02 ) ; V- = 5 {iL 23 + L 31 + L 01 - iL 02 ) ; 

P+ - P -]=P^ m ={pt P p P p~f)> ( 42 ) 
P++ P-+ J \Pi + « "3 Pq - "3 / 

(with er° the identity matrix and a 1 , i = 1, 2, 3 the Pauli matrices). In this basis the iso(l, 3, C) brackets are 
given by 



s 



[U , U±] = ±2U±, [V , V±] = ±2V ± , 
[U+,U^}=U , {V+,V-} = V , 

[U+,P- e ] = P+e, [V+,Pe-] = ~Pe+, 

[U. , p +e ] = p- e [V. , Ps+ ] = - Pe . , (4.3) 
[Uo,Pee>] = £Pes>, [V ,Pee'} = t'Pee', 

(with e, e' = ±). 

Let Pi be the irreducible (i + 1)— dimensional representation of st(2). We note by T>ij = Di^Vj, i,j G N 
the irreducible representation (since there is a factor 2 in the first line on equation (|4. 3|) i belongs to N and 
not to ^N) of dimension (i + + 1) of sl(2) © s[(2) defined from 

p(U Q + V )(x®y) = [U ,x]®y + x®[V ,y]. 
Let fli = ®kDi k ,j k be an arbitrary reducible representation of sl(2) ©s[(2). 

Lemma 4.1 Let T> be a (finite dimensional) representation o/sl(2) © sl(2). The action o/sl(2) © st(2) on 
T> extends to an action o/iso(l,3,C) onT> such that: 

1. The operators p(P m ) (m — 0, • • • , 3), are nilpotent. 

2. Let 



a p = n Ker ( ^ p °)) po ^ Pi )) pi (p( p ^ p2 

P0+P1+P2 +P3=P 

then, there exists an N such that we have the filtration 



Ai C A 2 C ■ • • C A N = V, 
and for every < p < N , A p is an sl(2) © sl(2) module. 

3. T> is indecomposable (i.e. one can find an irreducible representation V C D o/iso(l,3) such that it is 
impossible to have T> = T>' © V" where V" is stable under the action p(P m ) —see Examples \4-2\ below 

-), 

P {p m ) P (p m ) P (p m ) P {p m ) 
0^ Ax-* A 2 ^ ••• ■< A N =V. 

Let B™ = p(P m ) (A p ). Then B p = B p for i = 1, 2, 3. We denote by B p this space and we have 

Bp c A p <g)T>x,x C 

Proof. 1. Let Ao be an arbitrary eigenvalue of p(Po) and E$ = Ker (Ao — p(Po)) Q Ker (Ao — p(Po)) Q 
T> (with Ker (Ao — p(Po)) n ° the generalised eigenspace). Denote A^ (i = 1,2,3) an arbitrary eigenvalue of 

p(Pi)\ and let V = Ker - p(PA ) C (a, - p(PA Y' C E . Since [p{PA , p{P )} = then P is 
invariant by the action of Pj. In V we have p(Po)| — Aold, p(Pi)\ r = AJd, since [L i0 ,P;] = Po we have 
Ao = A, = 0. And p(Po), p{Pi) are nilpotent operators. 

2. Since the operators p(P m ) are nilpotent (we denote n m the index of nilpotency of p(P m )) and are commut- 
ing operators, it is obvious that there exists an N > max(no, nx, 112, 713) such that A^r = 2?. Furthermore, 
since for all L e st(2) ffisl(2), there exists aPe X> M such that [L, P] = P we have [L, P*] = pP P p_1 . This 
means that if v S A p , [I/,i>] € -A p . Thus, A p is an sl(2) ©sl(2) module. 

3. Let w € -Bp, then there exists ueip such that w — [Pq, v]. Since A p is an sl(2) © s[(2) module we have 
[ioi)' y '] = v (i = 1,2,3) with v' £ A„. Using the Jacobi identity of Lie algebras, w = [Po,f] = [Po, [^oii w ']] 
leads to [Pi, v'] = w— [L^, [Po, v']] and B p C The converse goes along the same lines and we have B® = B p 
for i = l,2,3. Finally, the s[(2) © st(2) equivariance of the mapping guarantees that, B p C A p (g> T>x.x C A p _i 
and P is indecomposable. QED. 
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Example 4.2 (1) If Q\ = Pi,i © Po.o the vector plus the scalar representations o/st(2) © sl(2), P TO can fee 
represented by 5 x 5 nilpotent matrices. If we denote (v m , m = 0, • • • ,3) (resp. (wq) ) a basis of Pi,i (resp. 
Dq.o) we can define 

p(P m )w = v m , p(P m )v„ = 0. 
(%) = P^o © Po,i> since ©1,0 © P^i = ©2,1 © Po,i 3 Po,i, -Pm can oe represented by the 4x4 matrices 
p(Pm) — smc/i that for if; G Pi,0)X <= Po,i we ftoue 

P(Pm)lp = 0, p{P m )x = 0- m ij. 

(3) The example above can be even refined. Let Q\ — P^o ©Po,i ©Pd i- The action of the P's can be defined 
as follow: 

p(Pm)^ = 0, p{P m W = p(P m )X = <W, 

with ?P G V lt0 ,i// G Pi i0 ,x G ©o,i. #ere, Ker(ad P TO ) = V lfi © P' 10 , Ker(ad P m ) 2 = Pi, © ©0,1 © ©0,1 
(m = 0, . . . , 3) and P 2 = Pi.o- 

Remark 4.3 If Qi is an irreducible representation of sl(2) © sl(2) } </ien i/ie action of ad P on gi is trivial. 
Indeed, since Qi is irreducible, Ker (ad P m ) is equal either to g± or {0}. But since ad Po, • • • , ad P3 commute 
they can be simultaneously diagonalised this means that Ker (ad P m ) 7^ {0} and the action of ad P on gi is 
trivial. 

4.2 st(2) © st(2)— equivariant mappings 

Now, we construct the possible s[(2)ffisl(2)— equivariant mappings from 6> 3 (gi) into Pi 1, with gi an arbitrary 
representation of st(2) st(2). We recall the following isomorphisms of representations of GL(A) x GL(B) 



S p (A®B) = Q)S k (A)®S p - k (B) 

S P (A®B) = $ r (.4) © $ r (P) , (4.4) 
r 

where the second sum is taken over all Young diagrams F of length p and $ r (A) denotes the irreducible 
representation of GL{A) corresponding to the Young symmetriser of T. In particular this gives 

S 3 {A © P © C) = S 3 (A) © S 3 {B) © S 3 (C) © A © P © C © 

S 2 (A) © P © S 2 (A) © C © S 2 (P) © A © S 2 (P) © C © S 2 (C) © A © S 2 (C) © P (4.5) 
S 2 (A © P) = S 2 (A) © S 2 (P) © A 2 (A) © A 2 (P) 



n r~r~i 



5 J (A © P) = 5 d (A) © S d (P) © $ ■— 1 (A) © S 1 — 1 (P) © A 3 (A) © A 3 (P) . 

Let gi be a representation of sl(2) © sl(2) and let Pi : i be the vector representation of sl(2) ffist(2). Using 
the first equation given in (14. 5p . since gi is a reducible representation of sl(2) ©s[(2), <S 3 (fli) reduces to 
three types of terms (i) S 3 (P), (ii) S 2 (P) © P' and (iii) P © P' © V" with P,P',P" three irreducible 
representations. Thus all possible s[(2) © sl(2)— equivariant mappings are of the type (i) S 3 (P) — ► Pi,i, 
(ii) S 2 (P)©P' — > P11 and (iii) P©P'©P" — ► Pi.i- We now characterise more precisely these mappings. 

Explicit description of the sl(2) ffisl(2) equivariant mappings 

(i) Type I. sl(2) ©sl(2)— equivariant mappings: S 3 (P) — ► Pi.i 

Let P = P a © Ph with a, b G N, Pi t i C P a j © P Q (, © T> a ^ if a and b odd. ^From the third equation of (|4. 5|) 
Pi,i C S 3 (P a ,fc) if either 
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Is ■ Pi C S 3 (P a ) and Pj C S 3 (P 6 ); 
Xa : ©i C A 3 (P ) and Pi C A 3 (P 6 ); 



1 



1 



(P a ) and 2? x C $^ (P 6 ) 



We call these sl(2)©sl(2)— equivariant mappings, mappings of type i<j (symmetric), /^(antisymmetric) and 
JM(mixed) respectively. In particular, when P = T> a . a and a odd, the mapping S 3 (P a ,a) — ► Pi.i is always 
sl(2) ffist(2) — equivariant and is called type I s, Iqa, Iqm respectively. The extension of the Poincare algebra 
given in Example 12.51 is of type Iqm with P = Pi.i. 



(ii) Type II. g[(2) © st(2)- equivariant mappings : S 2 (P) ® V — ► Pi,i 

Let P = D a ,b and V = T> c ,d, Pi,i C P ao ® P O)0 (g) T> c d if c,d odd, and there exists an n such that 
2a — 2n — c = 1 or c — 2a + 2n = 1 (and similar relations for b, d) . ^From the second equation of (|4.5p 
2?i,i C S 2 (X> a , 6 ) <8> P c , rf if either 

77s : PiC5 2 (P a ) <g> P c and Pi C S 2 (P 6 ) ® P d ; 
iXl : Pi C A 2 (P a ) (g) P c and Pi C A 2 (V b ) <g P d . 

We call these sl(2) ©sl(2)— equivariant mappings, mappings of type lis and Ha respectively. In particular, 
when a, b even Po^ C <S 2 (D a ^) and Pi^ C <S 2 (P a ,&) <8> Pi,i (type Hqs)- The extension of the Poincare 
algebra (5j| is of type II 0S with P' = P 2 , © Po,2, P = Pi,i- 

(iii) Type III. sl(2) © s[(2)- equivariant mappings: P ® P' ® P" — ► Pi,i. 

Let P = P a , h , P' = P c , d and P" = P Gj/ with a > c > e, P M C P Q:b (g) P c>d ® P eJ if a + c + e and 6 + d + / 
are odd and if there exists an n such that a + c + e — 2n = 1 ore — a — c + 2n= 1 (plus similar relations for 
b, d, /). There are many sl(2) © st(2)— equivariant mappings of these types. 

We now give explicit examples of sl(2) © sl(2)— equivariant mappings of type /, II and III. 



Example 4.4 Let P = Pi <g Pi = Pi_o <8> Po,i- Using conventional notations for spinors, let P^o = 
(ip a ,ot = 1, 2) and Po,i = (x Q , a = 1, 2) be the spinor representations of sl(2) © st(2). Introduce the Dirac 
P— matrices ({Pm,Pri} = r?nPri + T n T m = ^Vmnh, with J4 the four dimensional identity matrix) 



r — 

± m — 



a„, 

(f rn 



where a = <7 is the identity matrix and er^ = — Cj, i = 1,2,3 with the Pauli matrices. The index structure 
of the a m — matrices is as follow a m — > ff ma a,ffm ~~ * 0m QQ . We also define ip a = E a 0$ft , ip a = e a @ipi3, 
Xa — £&p%f \ X a = £ a ^X/3 with the invariant antisymmetric sl(2) matrices e,e given by £12 = £~i 2 = — 

e 12 = e 12 = 1. A direct calculation gives a m ^ = s^ a e^ a a ma a. Furthermore since the Dirac T— matrices are 
representations of the Clifford algebra, we have the relations (J m a n + o n a m — r] mn <7 , and thus a n 
Tr cr m CT„ = 27y„ 



y maa w n 

'Imn- 



Now, we consider the representation 



±3 



V'1,0 = ® ' P1.0) ■ 

We introduce the projector (Young symmetriser) 



IO 3 



1 (1-(12) + (13)-(W)) 
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with 



{a b) = K b a J , (a 6 c) 



a b c 
b c a 



two cycles of 1S3 the group of permutation with three elements. A direct calculation gives 

P - . (Va ® "0,9 ® ^7 J = £a/3A 7 



and 2?^ — (Aq, a = 1>2) (the same result can be obtained using the usual calculus of the Clebsch-Gordan 
coefficients). Proceeding along the same lines with 2?o,i an d introducing 



V 



we obtain 



R. 



Z3 



(Va <8> "0/3 ® "0- 



(T> , 1 ) = (fP,a=l,2) 

-, (xd ® X/j ® X 7 ) = £ oipS 6t p\ 1 ® p 7 . 



Symmetrising the R.H.S. we then get 



5 



' U^a <8> Xd) ® (0/3 <8> X/j) ® (07 ® X-y)J = e ap£a$^lPi + ^-/aSjaXpP/j + £/3j£ fa\aP&- (4-6) 



Now, from the isomorphism of 2?i,o <8 2?o.i with the vector representation, and using the relation 



2r]mn we have the correspondence 



P„ 



Q ®Xd, "0a ® Xa = a """ 
Pa, ^a® Pa - 



ad j 



'A, 



17 aa v rr, 



(4.7) 



(thus (P m , m = 0, ■ • • , 3) ~ (K„, m = 0, • • • , 3) ~ X>i x ) and equations (|4.6p reduce to 

We denote 3160(1, 3, C) = iso(l,3,C) © D^i the corresponding Lie algebra of order 3. If we now take the 
real form of sl(2) ©st(2) corresponding to sl(2, C) (the universal covering group of SO(l, 3) being SL(2, C)), 
the representation P^o and 2?o,i become complex conjugate. Thus if we take Xa = (0a) (the complex 
conjugate of -0 Q ), and similarly p a = (A Q )*, V m and P m become real vectors of so(l, 3). 

Example 4.5 Let T> = T>3^. Using spinor notations 

P 3 ,0 = (0a/3 7 : 01,0,1= 1, 2) , £>0,3 = (x^, «, A 7 = 1, 2) , 

with ipapy, symmetric spinor-tensors. This case is more involved than the previous one, because 



±2 



(£>3,0) 

is a reducible representation. However, using the correspondence (|4.7p elements of P3.3 are symmetric 
traceless tensors of order three 



T„ 



ad rx PPft 77 V; a y • 



(the symmetry of T comes from the symmetry of ip and X an d T mnp ri nm — from u m aaff ra ^ = 2e , aj ge d ,^). 
Now it is easy to see that the mapping 

T mi n 1 p 1 (8 T m2 n 2 p 2 ® T m3 n 3 p 3 > ?7nii"i2 7 7™l™2 7 ?Pl"i3 f ?P2n3-' P3 

is s[(2) © sl(2)— equivariant. Thus, symmetrising the R.H.S we have 
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(4.8) 



Example 4.6 Let V = V 1>x © V 2fl © X> , 2) we have C C S 2 (V 2fi ), C Q S 2 {V oa ). Let V 2 ,o © 2\ 2 = 
(Ai,i = 1,2,3) © = 1,2, 3). From S 2 (Ai © A,) = and S 2 (Ai © A 3 ) = % the mappings 

S 3 (Vi,i © 2?2,o © £>o,2) 2 (S 2 (2\ ) © S 2 (X> ,2)) ® — ► £>i,i follows immediately. This gives the 
trilinear brackets obtained in (|5.6[) . 

Example 4.7 Let 15 = P li0 ©P ,i ©£>o,o< The mapping S 3 (£>i, ©A>,i©£>o,o) 3Pi,oePo,i®% — ► £>i,i 
is immediate. Such a mapping was considered in [26] . 

4.3 Lie algebras of order 3 associated to the Poincare algebra 

Let us denote V the vector space isomorphic to generated by the vectors P m , m = 0, • • • ,3. Now, from 
the characterisation of sl(2)©sl(2)— equivariant mappings from S 3 (T>) into "Dx,i an d lemma I4TT1 we construct 
Lie algebras of order 3 whose zero graded part is isomorphic to the Poincare algebra. 

Theorem 4.8 LetT) be a reducible representation of sl(2) © sl(2) such that: 

1. the action of sl(2) © st(2) on 2? extends to an action o/iso(l,3,C) onT> as in Lemma \4-1\ 

2. there exist an s((2) © s 1(2)— equivariant mapping from S 3 (T>) — ► V. 

Then if Q = iso(l, 3, C) © T> is a Lie algebra of order 3, the action ofV on T> is trivial. 



Type I : Assume S 3 {T> ab ) — ► V. This means that a, b are odd. 

1. Suppose there exists a representation V C T> (not necessarily irreducible) such that V C [V,P ,b]- 
The Jacobi identity J4 with Y\ = Y% = Y& = Y± £ T> a ^ leads to a contradiction, thus [V,T> a ^] = 0. 

2. Suppose there exist a representation T> c ^ d C T> such that T> ab C [V,2? Cj£ /]- Since a, 6 are odd, c, c? are 
even and thus V $f S 2 {V a ^ b ) © D c , rf . The Jacobi identity J4 with Yi, F 2 , Y 3 G T> aib , Y[ <E T> Ctd together 
with S 2 {V a ^ b ) © V cd — gives a contradiction and [V, £> c ,d] = 0. 

Type II : Assume V C <S 2 (2? a) &) © I> C) d and S 3 {T) a ^) = S 3 (D c ^ d ) = (not of type I). In this case c,d are 
odd. 

1. Suppose T> C: d C [V,2?a,&]- The Jacobi identity J4 with Y\ = Y% = F3 G "D a ,b,Yl G X> c ,d gives a 
contradiction and [V,2? a ,b] = 0. 

2. Suppose 2? af) C [y,I> Cj( i], thus a, 6 are even and S 2 iV c ^ d ) © 2? 0jb . The Jacobi identity J4 with 
Yx = F 2 G 2} ,6) Fj = ^4 € f C) d gives a contradiction and [V,2? a-b ] = 0. 

3. Suppose there exists T> e j C 2?, with T> e j ^ T> cd , such that T> e j C [V,2? Q .b]. The same argument as 
in the point 1. above gives [V,2? a .b] = 0. 

4. Suppose there exists T> e j C 2?, with T> e j ^ 2? aj 6, such that T> e j C [V, -D c ,d]- The Jacobi identity J4 
with Fx = Y 2 = Y G V ab and Y£ = F 4 ' = F' <E 2? cd gives [F, {F F', F'}] + [F', {F, F F'}] = 0. If we 
suppose that {F,F',F'} = P G V we know from the points 1. and 3. above that [P, F] = 0. Thus the 
previous identity becomes [F', {F, F F'}] = [F', P] = and [V, D c>d ] = 0. 

5. Suppose there exists "D e j C 2?, with 2? e j ^ T> a b and 2? e j 7^ X> c( j such that either 2? a f, C [V,2? e j] 
or 2? Cid C [V,X> e ,/]. The Jacobi identity J4 with Fx = F 2 = F G 2? a!b ,F' G T> Ctd ,Y" G D e ,/ gives 
2[F{F,F,F"}] + [F', {F, F F"}] + [F", {F, F, F'}] = 0. If {F,F',F"} G V or {F, F F"} G V since 
[V,2? a . b ] = [V,V c . d ] = (see l.,2.,3. and 4. above), the previous identity reduces to [Y" ,{F,F,F'}] = 
[F", P] = and thus [V,T> e ,f] = 0. 



Proof. 
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Type III : Assume V C V a , b <g> V c>d <g> V e j, S 3 (X> a ,h) = S 3 {V cM ) = S 3 (V eJ ) = (not of type I) and 
S 2 (V a , b )®T> c , d = S 2 (D a , b )®V eJ = S 2 (V Ctd )®T> a , b = S 2 {V c4 )®V eJ = S 2 {V eJ )®V a , b = S 2 {V eJ )®V cA = 
(not of type 77) . 

1. If we assume [V,T> a _b] C Vg^ with T> g j x = V c ^ or T> g ^ 7^ 'Dc,d,'Dg,h ^ T^ej, the Jacobi identity J4 
with Yi,Y 2 € £> Q ,&, Y$ £ T> c ^, Y" £ V e j leads to a contradiction and [V, £> a ,b] = 0. 

2. Suppose there exists T> g h such that [V, £> g ,/i] % D a ,b, the Jacobi identity J4 with Yi € 2? a ,b,Y2 £ 
Dc,d,Y 3 £ T> e j and Y4 £ D g h leads to a contradiction and thus [V,2? g! h] = 0. 

This means that the action of V on I? is trivial and thus [V,T>] = 0. The remaining Jacobi identities are 
easy to be checked. Which ends the proof. QED. 

Corollary 4.9 With the hypothesis of theorem \4-8\ the action ofV on T> is trivial i.e. [V 7 T>] = 0. 

Remark 4.10 Differently as in theorem \4-8\ if q = (s[(2)©st(2)© V)©2? is a Lie algebra of order 3 satisfying 
[V,2?] = then S 3 (T>) — > V. Indeed if we suppose for contradiction that S 3 (T>) — > sl(2) ffist(2), and let 
Yi,Y 2 ,Y 3 £ V such that {Y 1 ,Y 2l Y 3 } = aL with L £ st(2) © s[(2), a £ C. The Jacobi identity .13 with P £ V 
and Y\ 1 Y 2l Y 3 as above leads to a — since the elements ofT> commute with the elements ofV and L do not 
commute with P. 

The following property classify all Lie algebras of order 3 based on the Poincare algebra such that the 
representation D is of dimension 4. 

Proposition 4.11 Let q — Lso(l, 3, C) ©2? be an elementary Lie algebra of order 3, with T> a representation 
of dimension 4. Then, 

1. V^V hl ; 

2. [V,Z>i,i] =0; 

3. g = 3iso(l, 3, C) (the complexified of the Lie algebra of order three of Example \2.5\) . 

Proof. 1. Since the representation T>^,£ £ N of s[(2) is of dimension £+1, the four dimensional representations 
of s[(2) © sl(2) are (up a permutation of the action sl(2) © sl(2)) : 

©3,0, ©2,0 ©£>o,o, 2?i,i, 2?i,o©2\i, ©1,0 ©©0,0 ©©0,0, £>o,o © ©0,0© Z>o,o ©2?o,o- 

Since S 3 (T>) — > iso(l,3,C), a simple weights argument shows that the only possibilities are (i) T> — T>\.\ 
with V C S 3 (T>) (in agreement with the explicit description of s[(2) ©s[(2)— equivariant mappings) or (ii) by 
Example 2.4 s[(2) = 2?2,o Q <S 3 (2?2,o)- In the second case we have by Remark 14.31 [V,2?2.o] = and thus the 
Jacobi identity J3 with P £ V,Yi,Y 2 ,Y 3 £ Z?2,o leads to a contradiction since P commute with Yi and not 
commute with U (see Eq. (|4.3[0 . Thus, the only non-trivial Lie algebra of order 3 is then constructed with 

2. Since D is an irreducible representation of sl(2) ©sl(2), by Remark 14.31 the action of V on I? is trivial 
and [V,X>] = 0. 

3. Since [V,T>] — 0, by Corollary 14. 10[ we have V C S 3 (V) (a simple weights argument, as we have seen 

in 1. above, also show that sl(2) ©s[(2)<2 S 3 (T))). This means, introducing v ++ ,v^ ,v y,v a basis of 

T> (with notations similar to (|4.2p ). and using a simple weights argument, that the only non-trivial trilinear 
brackets are: 



{v ++ ,v ++ 


,V- 


-} 


= "1-P++, 


{v- 


! V -- 


-,«+ 


+} 


= Pip— 


{v++,v+- 


,v- 


+ } 


= a 2 P++, 


{v- 




-,«+ 


-} 


= fop— 


{v++,v+- 


,v- 


-} 


= 7iP+-, 


{v- 


1 


-,v+ 


+} 


= 5iP-+. 


{v+-,v+- 


,v- 


+} 


= I2P+-; 


{v-+ 


,V—{ 


-,v+ 


-} 


= S 3 P-+. 



The action of st(2) © st(2) on V is given by (see (|4~3l0 
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[U+,V- S ] = v +e , [V+,v e -] = -v e+ , 
[U-,v +s ]=v- E , [V-,v E+ ] = -v e -, 
[Uq, v se >] = ev ee , , [Vo, V ee >] = s'Vee' , 



with e,e' — ±. The Jacobi identity J3 gives 



1 R R 1 1 A 1 A 

oi2 = --ai,Pi = ai,P2 = --«i,7i = 2 ai '^ 2 = = 2 ai >" 2 = 

II a\ ^ 0, we set 

v o = - \/5r + ' V3 = - \/5r - v -+} ' 

and we get 

v„, v p } = rj^Pp + T]p P P v + r\ vp Pp. 

So, the algebra is isomorphic to the complexified elementary Lie algebra of order 3 of Example 2.5. This 
results remains true if we consider its real form corresponding to the Lie algebra of order 3 of example 2.5. In 

this case if a\ > we rescale the coefficients by — ? tt— as above, and when ai < we rescale the coefficients 
l V 1 

3 / -1 



by y^- Q-E-d. 

5 Contractions of the Poincare-algebra of order 3 

5.1 Contractions of elementary Lie algebras of order 3 

The variety T m ^ n being an algebraic variety, one can naturally endow it with the Zariski topology. 

Definition 5.1 A contraction of tp is a point tp' £ Fmn such that tp' € O v , the closure in the Zariski sense. 

In the complex case, the notion of contraction is equivalent to the following. Let ip = (tpi,ip 2 ,tpa) be a 
given multiplication of elementary Lie algebras of order 3, g = go©0i and let {h p ) pe m (with h p — (ho lP , hi lP ) € 
GL(m,n)) be a sequence of isomorphisms. Define tp p = (<pi, p , <P2,p, ¥?3,p) by 

ipi >p (X 1 ,X 2 ) = ho t 1 p ipi(ho, p (X 1 ),ho iP (X 2 )), 

^, p (Yi^,y 3 ) = ^MhivtyJMj&tiMM)) ■ 

If the limit lim ip p exists, this limit is in the closure of O v . Then it is a contraction of ip. Note that, in 
the complex case, every contraction of tp is obtained by this way |llj . 



Moreover, Inonu-Wigner contractions [16] turn out to be a relevant subclass of contractions. We consider 
the automorphisms h £ = (ho, e , hie) of the form ho >e = Kq + eh^ and hi >e — h± + sh^ with 

(2) (2) 

singular, h Q ,h\ regular and e infinitesimal. A further particularisation inspired from the Weimar- Woods 
construction [30] is given by 

h £ = diag(e a V..,e a '", £ b \...,e h ") 
with at, bj G Z (i = 1, . . . ,m, j = 1, . . . , n). Hence ho )E (Xi) = e ai Xi and ho, E [Yj) — £ aj Yj and (|5.ip become 

<p 1 , e {X i ,X j )=e a * +a i- a *Ct j X k , 
<p 2 , E {X i ,Y j )=e a > +b i- b *D k ij Y k , 

£ 



WeQTi^Yk) = e** +b ' +b *- a 'E' ijk X e . (5.2) 
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As already stated, one can define a contraction if the limit e — > exists, i.e. if a.i + cij — at, > 0, at + bj — bk > 
and 6j + + bk — d£ > for any a and 6. 

Examples. 

Let .T 7 !,! be the algebraic variety of 2 = (1 + 1)— dimensional elementary Lie algebras of order 3. We 
consider a basis {X, Y} of g = go jji adapted for this decomposition. 

Proposition 5.2 Any two-dimensional Lie algebra of order 3 g — go ffi 0i is isomorphic to one of the 
following Lie algebras of order 3 

i g\: {r,y,y} = x, [x,y] = o ; 

S. fll: {X,Y}=Y,{Y,Y,Y} = 0; 

3. g\: the trivial Lie algebra of order 3. 

Proof. We consider the most general possibility for the structure constants of a two-dimensional elementary 
Lie algebra of order 3: 

[X, Y] = ai Y, {Y, Y, Y} = a 2 X . (5.3) 
The Jacobi identities J1-J4 imply a±a2 — 0, and we obtain 



fl?,ai = 0,a 2 = 1; 

fl2; a l — 1; a 2 = 0; 

fl|,ai = 0,a 2 = 0. 



QED 



Corollary 5.3 The variety !Fi \ of 2— dimensional elementary Lie algebras of order 3, is the union of two 
irreducible algebraic components U\ and [7 2 with 

Ui = O a 3 and U 2 = O a3 . 

ill *2 

Proof. One has the following contraction scheme 

02 0? 

where by A — > B we denote a contraction of the algebra A to the algebra B (B is a contraction of A) . QED 
Remark 5.4 TTie algebra gf /ias 6een considered in [3 © [751 [7ffl . 

5.2 Contraction which leads to a non-trivial extension of the Poincare algebra 

Let g — so(2,3) © adso(2, 3). Using vector indices of so(l,3) coming from the inclusion so(l,3) C so(2, 3) 
we introduce {M mn = —M n m,M m ^ = — M^ m ,m, n — 0, . . . , 3, m < n} a basis of so(2, 3) and {J mn = 
— Jnmt Jmi = — Jim, Tn, n = 0, . . . , 3, to < n} the corresponding basis of adso(2, 3). The multiplication law 
ip of the elementary Lie algebra of order 3 so(2, 3) adso(2, 3) writes 
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(pi{M mn , M pq 

ipi(M mn , M p4 

cpi(M m 4,Mp4 
^(Mmn, J pq 
*P2(M mn , J p i 
f2{M mAl J pq 
<f2{M m4l J pi 
^PS^Jmni Jpqt Jrs 
^(^mtii JpQi Jr4 
l P3\Jmni Jp4t Jr4 
<P3(Jm4, Jp4, Jr4 



rjnq-^Jrnp T\rnp^^nq ~t~ rj m qM n p -\- fjnp^lmq, 
' r lmpMn4 + VnpMmi, 



= —M, 



mp • 

^jnqJmp T]mpJnq H~ TjmqJnp ~T~ ^npJmqi 
VmpJnA ~v~ ^InpJmA-i 
^jmpJ^q H~ ^mqJ^p-i 
Jmpt 

(VmpV nq T]mqVnp^)M rs -\- {j]mr^]ns ^]ms^]nr^)^pq ~h {jlpr^lqs ^JpsVqr )M„ 
{j]mpT]nq T]mqT]np^)Jr4:i 
f]pr A'l mn , 

limp Mr 4 H~ Tj rnr l\dp4 + ?7p r Af m 4, 



(5.4) 



where 7/ mn = diag(l, —1,-1,-1). In [26 , an Inonii-Wigner contraction was done 

Lmn = ha(M mn ) = M mn , 
P m = h a {M mi ) = eMmi, 

Vran ^l('Ann) V^^mtij 
V m = hl(J m 4,) = \/EJm4i 

and the limit e — > realised the contraction. The contracted Lie algebra of order 3 is given by 



(5.5) 



Vl {Lmm Lpq) 
<Pl(L m n, Pp) 
lfil(P m ,Pp) 
<P2(L m n, V pq ) 
<P2{L mn , V p ) 
<P2(P,n,V pq ) 
P2(P m , V p ) 
f3(Vmn,V pq , V rs ) 
<P3(Vmn, V pq , V r ) 
tP3(V mn , V p ,V r ) 
<P3(V m , Vp, V r ) 



TjnqLmp ^jmp-^nq ^}mqPnp H~ TJnp^mq-) 
~7]mpPn H~ TjnpPm-i 



= 0, 



TjnqVmp T]mp*nq H - TjmqVnp 
^VmpVji T]np *m i 

0, 
0. 

0, 

(j]mpT}nq T]mqT]np) Pr •> 

0, 



mq ? 



(5.6) 



Thus L mn , P m generate the Poincare algebra and V mn and V m are in the adjoint and vector representations 

Of 50(1,3). 



Remark 5.5 The subalgebra generated by L mn ,P m and V m is the algebra of Example 



6 Deformations of Lie algebras of order 3 
6.1 Definition 

Let g = go © gi be a Lie algebra of order 3 on the complex field (or on a field of characteristic zero). Let A 
be a commutative local K-algebra, g its maximal ideal. We assume that the residual field is isomorphic to 
K. A A-Lie algebra of order F is a Lie algebra of order F whose coefficients in a K-basis belongs to A. We 
will assume that A admits an augmentation e : A — > K. The ideal m c := Kere is the maximal ideal of A. 
In this context, a deformation A of g with the base (A, m) or simply with the base A, is a A-Lie algebra of 
order F on the tensor product 4%I n with brackets [., .]\ and {., ., }\ satisfying the Jacobi identities J1-J4. 
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Sometimes, we add hypothesis on A, for example A is finitely generated or A is noetherian. In this paper, 
following [14] , we assume that A is a valuation algebra. It is a local algebra with the following property : if x 
belongs to the field of fractions of A but not to A, then the converse a; -1 belongs to g. The most interesting 
examples of deformations (the formal deformations of Gerstenhaber, the nonstandard perturbations) satisfy 
this hypothesis. Moreover, a deformation in a valued algebra always admits a finite decomposition, that is 
is defined by a finite number of ideals of A. Then every deformation has a finite Krull dimension and this 
means that an hypothesis such as the noetherian property is superfluous. 

6.2 The Gerstenhaber products 

The Gerstehaber products have been introduced in [5] and [TU] to study the deformations of associative 
algebras and the structure of Hochschild cohomology groups. Let tp = (<p x , <p 2 ,tp 3 ) be a given multiplication 
of elementary Lie algebras of order 3, g = go © 01 The identities J1-J4 are equivalent to 

p 1 (tp x (X 1 ,X 2 ),X 3 ) + p x {p x (X 3 ,X x ),X 2 )+t Px (tp x (X 2 ,X 3 ),X 1 ) = 0, 

tp 2 (<pi {X u X 2 ), Y ) + <p 2 {(pa {X 2 , Y) , Xi) + <p 2 O2 (Y, X x ), X 2 ) = 0, (6.1) 
tp x (X, p 3 (Y x , Y 2 , Y 3 ) ) - tp 3 {tp 2 (X, Yi ) , Y 2 , Y 3 ) - tp 3 (Y 1 , tp 2 (X, Y 2 ) , Y 3 ) - tp 3 (Y 1 , Y 2 , <p 2 (X, Y 3 ) ) = , 
<P2 ( Yy , tp 3 (Y 2 , Y 3 , Y 4 ) ) + tp 2 ( Y 2 , tp 3 (Y 1 , Y 3 , Y 4 ) ) + tp 2 ( Y 3 , Lp 3 (Y 1 , Y 2 , Y 4 ) ) + Lp 2 ( Y 4 , <p 3 ( Yj , Y 2 , Y 3 )) = 0. 

If 93 and tp' are two products of elementary Lie algebras of order 3, we can define 

f °1 '■ (00 ® 00 ® 0o) -> 00 

X X ®X 2 ®X 3 h- ^ (Xi , X 2 ) , X 3 ) + tp x (tp[ (X 3 , X x ) , X 2 ) + tp x (tp' x (X 2 , X 3 ) , X x ) , 



f°2 p' ■ (flO®0O®0l) 
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X X ®X 2 ®Y ^ M^ x (Xi, X 2 ), Y) + y 2 {y' 2 {X 2 , Y),X X ) + tp 2 {tp 2 {Y,X x ),X 2 ), 

po 3 p': (0o®5 3 ( i)) -> go (6.2) 
X (Yi, Y 2 , Y 3 ) -> tp x (X,tp' 3 (Y x ,Y 2 , Y 3 )) - tp 3 (<p' 2 (X, Y x ), Y 2 ,Y 3 ) 

- p 3 ( Y x , p' 2 (X, Y 2 ) , Y 3 ) - tp 3 ( Y x , Y 2 , tp< 2 (X, Y 3 ) ) , 

93 °4 V 3 ' : (01 ®^ 3 (0l)) 01 

Y 1 ®(Y 2 ,Y 3 ,Y 4 ) ~ (p 2 (Y 1 ,^(Y 2 ,Y3,Y4))+^(Y 2 ,^3(Y 1 ,Y3,Y 4 )) 

(Y 3 , ^ 3 (Yx , Y 2 , Y 4 )) + p 2 (Y 4 , ^(Yj , Y 2 , Y 3 j). 

Proposition 6.1 The map tp endows g with a structure of elementary Lie algebra of order 3 iff 

ip o i ip = for i = 1, . . . , 4. (6-3) 

6.3 Gerstenhaber deformations 

In this section we assume that the algebra of valuation A is the algebra C[[t]] of formal sequence. Its law is 
written tp t 

tp t ■ (flo0 8i)®C[[t]] (6.4) 

with 

^ = ^ + <V (1) + *V 2) + • • • + + • • • , (6.5) 

where the ^W's are linear applications from A to g, satisfying (|6.3p . 

Proposition 6.2 Considering a deformation tp t of ip, the maps ip( p ' (with p £ N) satisfy the equations 

^ (p) °* ip (r) = 0, for any i = 1, . . . , 4, r G N (6.6) 

p+q=r 

where -0'°' = <P- 
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Proof. As if t is a deformation of tp it satisfies (ft Oj tp t = 0. For i = 1, equation (|6.6[) is just the condition 
of the deformations of Gerstenhaber for Lie algebras. We explicitly prove (|6.6p for i = 2 the two remaining 
cases being similar. If one checks only the terms in i 2 , only the terms tp + tip^ +t 2 tp^ will matter. Inserting 

tf>ti=<pi+1*l>i l) +t 2 ip ( i ] 

<Pta = <P3 + ^I>3 ) + t 2 ^ {2) (6.7) 
in (|6.1[) , the coefficient of degree 1 leads to 

i p 2 (4 1) (X 1 ,X 2 ),Y) + 4 1 \cp 1 (X 1 ,X 2 ), Y) + i P2 (4 1 \x 2 , Y), X,) 
+ 4 1 \ip 2 (X 2 ,Y),X 1 ) + i P2 (^ ) (Y,X 1 ),X 2 )+4 1 \ V2 (Y,X 1 ),X 2 ) = (6.8) 

and the coefficient of degree 2 gives 

tp 2 (Vi 2) (X 1 ,X 2 ),Y) + 4 2) {tp x (X, ,X 2 ),Y)+ 4 1} (Vi 1} (X, ,X 2 ),Y) 
+ M^ 2 \X 2 , Y), Xx) + 4 2 \ip 2 (X 2 ,Y), Xx) + ^(^(Xa, Y),X X ) 
+ tp 2 (iP 2 2 \Y,Xx),X 2 )+^\tp 2 (Y 1 X 1 ),X 2 ) + 4 1 \4 1 \Y,X 1 ),X 2 )=0. (6.9) 

Then £ V> (p) °2 V> (r) = and £ V> (rt °2 ^ (r) = 0. Similarly one proves for any ref. QED 

p+g=l p+g=2 
Definition 6.3 An infinitesimal deformation of tp is a deformation tp t of the form 

tp t = ip + tijj {1 \ 

Let ipt — {tpx + tipi , tp 2 + tip^ , <P3 + tip 3 )■ Identities (|6.3p for the coefficient of t lead to 

tpx(^\xx,x 2 ),x 3 ) + ^\^x(Xx,x 2 ),x 3 ) + tpx(^\x 3 ,Xx),x 2 ) 

+ ^\tpx{X 3 , X X ),X 2 ) + < Pl (4 1) (X 2 ,X 3 ),X 1 ) +4 1 \MX 2 ,X 3 ),X 1 ) = 0, 

V2 {^\X 1 ,X 2 ),Y) + $\w{Xx,X 2 ), Y) + tp 2 {^\x 2 , Y), Xx) 
+ ^\tp 2 {X 2 , F), Xi) + ^(^(Vi Xi),X 2 ) + ^ ( 2 \<p 2 {Y, Xx), X 2 ) = 0, 

(6.10) 

<px(X, ^{Yx, Y 2 , Y 3 )) + V3(Yx,Y 2 , Y 3 ))- ^(^(X, Yx),Y 2 ,Y 3 ) 

- 4 1] (MX, Yx),Y 2 ,Y 3 ) - ip 3 (Yx,4 1} (X, Y 2 ), Y 3 ) - ^(Yx, tp 2 (X, Y 2 ), Y 3 ) 

- tp 3 (Yx,Y 2 ,ip^\x,Y 3 )) - tpP(Yx,Y 2 ,ip^\x,Y 3 )) = 0, 

¥>2(Yx,ipP(Y 2 , Y 3 ,Y 4 )) + 4 1} (Yx, tp 3 (Y 2 , Y 3 , Y 4 )) + tp 2 (Y 2 , ^(y x , Y 3 , Y 4 )) 
+ 4 1] (Y 2 , tp 3 (Yx,Y 3 ,Y 4 )) + tp 2 (Y 3 , ^\y x ,Y 2 ,Y 4 )) + ^(Y 3 , ? 3 {Yx,Y 2 , Y a )) 
+ V2 {Y 4 ,^\Yx,Y 2 ,Y 3 ))+^ ) (Y i , V3 {Yx,Y 2 ,Y 3 )) = (). 

Using (|6.2p these equations write 

ip Oj tp + ifi Oj tp = 0, with i = 1, . . . , 4, (6-11) 

which is just equation (|6.6p for r = 1. 
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Furthermore, the coefficient of i 2 obtained from 



gives 



4' 



4 1 



4 1 



r 2 
+ 4 



which writes 



[X 1 ,X 2 ),X 3 ) + 4^ (4 X) {X 3 ,X 1 ),X 2 ) + 4i ] {4i ] (X 2 ,X 3 ),X 1 ) = 0, 

(4 1] (X 1 ,X 2 ), Y) + 4 1} (X 2 ,Y), X,) + 4 1} (V4 X) (Y,X 1 ),X 2 ) = 0, 

{X, 4 1 \Y 1 ,Y 2 ,Y 3 )) - 4 1) (4 1) (X, Y,),Y 2 , Y 3 ) (6.12) 
{Y 1 ,^\x,Y 2 ),Y 3 ) - 4 1) (Y 1 ,Y 2 ,4 1 \X,Y 3 )) = 0, 

(y 1 ,4 1 \y 2 ,y 3} y 4 )) + 4 1 \y 2 ,4 1 \y 1 ,y 2 ,y 4 )) 

(Y 3 , 4 1) (Y 1 ,Y 2 ,Y 4 )) + 4 1) (Y 4 , 4 1) (Y 1 ,Y 2 ,Y 3 )) = 0, 



ifjW o, = 0, with i = 1, . . . ,4. (6.13) 



Definition 6.4 Denote by 

where ipi (i = 1,2,3) satisfy (|6 . 1 Of) and (|6.12[) . The vector space Z(A) is called the infinitesimal deformation 
space of A. 



6.4 Isomorphic deformations 

Proposition 6.5 Let (g = go®2i,f) S F m . n be an elementary Lie algebra of order 3. We consider a formal 
change of basis given byld + tfo € GL(qq ® C[[i]]), Id + i/i G GL(q\ <8>C[[i]]). The isomorphic multiplication 
(p t writes as the deformation 

<p t = <p + ti/j + (D(t 2 ), 

where ip = (ipi,ip 2 ,ip 3 ) is given by 

MXi,x 2 ) = MUXi), x 2 ) + ipi (x 1 ,f (x 2 )) - f ( ipi (x 1 ,x 2 )), 

MX,Y) = p 2 (f (X),Y) + <p 2 (X,f 1 (Y)) - A(^ 2 (x,y)), 

MYi,y 2 ,y 3 ) = ^3(/i(n),r 2 ,y3) + ^3(yi,/i(r 2 ),r3) + ^ 3 (r 1 ,y 2 ,/ (y 3 ))-/ (^ 3 (n,i2,r 3 )). 

(6.14) 



Proof. We put 



and we have 



This can be written as 



Xi = (Id + tf )(Xi) = X, + tfo(Xi), 
Y, = (Id +tf 1 )(Y j )=Y j +tf 1 (Y j ), 



MXi,X 2 ) = /ioV(/io(*i)^o(^2)), 
MXi,Y 2 ) = h^ 1 l p 2 (h {X 1 ),h 1 (Y 2 )), 
<Ps(Xi,Y2,Y 3 ) = ho l V3 (g 1 (Y 1 ),g 1 (Y 2 ),g 1 (Y 3 )). 



<f!(Xi,x 2 ) = ^(x^x^ + tMx^x^ + oit 2 ), 

<p 2 {X,Y) = V2 (X,Y)+tMX,Y)+0{t 2 ), 

v3&,y 2 ,y 3 ) = ^3(y,y,y)+^3(y,y,y) + o(t 2 ), 



(6.15) 



(6.16) 



(6.17) 



where, by a tedious but straightforward calculation, one has (|6.14[) . QED 
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Definition 6.6 An elementary Lie algebra of order 3 g = go gi is called rigid if all deformations of g are 
isomorphic to g. 



If g is rigid then go is a rigid Lie algebra and the representation gi of go is also rigid. 

As an example of rigid Lie algebra of order 3 one has st(2) adst(2) with a — 1 (see Theorem 13.11 for 
notations). Other examples are given in subsections 15.11 and 15.21 An example of non-rigid Lie algebra of 
order 3 is also exhibited in subsection 15.21 Finally, note that some rigidity properties of representations of 
si(2) can be found in [7]. 

Remark. Usually, rigidy is computed using cohomological methods with the Nijenhuis-Richardson theorem. 
This implies that we are able to define cohomology of algebra of order 3 with values in a g-module. For 
instance, it is easy to define 1 and 2 cochains and the corresponding cocycles and coboundaries space. For 
degree greater than 2, this is an open problem. For degree 2, we can quickly summarize the construction. 
One denotes ip (see Proposition 6.5) by 8 v f: 

MXi,x 2 ) = (s v j)(x 1 ,x 2 ), 

MXi,Y 2 ) = {5 V2 f){X u Y 2 ), 
ih(Yi,Y 2 ,Y 3 ) = (5 V J)(Y 1 ,Y 2 ,Y 3 ) (6.18) 

for any Xj € g and Ya € 0%. Let Z(A) = Z 2 (A) be the space of infinitesimal deformations (see Definition 
6.3). Let B 2 (A) be the subspace of Z\A) defined by 

B 2 (A) = {^e Z 2 (A) : j> = 6 v f}, 

we obviously have B 2 (A) c Z 2 (A). The theorem of Nijenhuis Richardson is written in this frame : 
If H 2 = Z 2 /B 2 = {0}, then elementary Lie algebra of order 3 g is rigid. 

6.5 Some deformations on the Poincare algebra of order 3 

Let us consider the algebra (|5.6|) . It leads to an explicit example of deformation. Let tp = (tpi, f 2 , P3) be the 
law defined by (|5.6p . The deformation tp t — ((fin, (ft2, Vtz) IS given by 

ftl(Lmn, Lpq) = (fii(L mn , L pq ) , 

'fit i{L mn , P p ) — (fx(L mn ,Pp), 
( ftl{Pmj Pp) = —t 2 L m p 7 

i Pt2{.L mn ,Vpq) — <p 2 (L mn ,V p q), 

( Pt2{L mn ,Vp) = <p2(L mn ,Vp), 

ft2(Pm,V p q) = t(rj mp V q - rimqVp), 

Pt2(Pm,V p ) = tV mp , 

^3(^7171? Vpq^ V^ s ) — t( K (j]mp'Hnq ^]mq^]np)L rs -\- {j]rnr^]ns ~ f]ms)^- J pq H~ {Vpr'Hqs ^ps'Hqr )^- / mn) ) 

<Pta(V m n,Vpq,V r ) = <P3(Vmn,Vpq,V r ), 

^PtS^Jmni Ppi Pr) — ^ ^pr^muj 

^Ptz{Vm,Pp,Pr) = <fi3(V m ,Vp,V r ). 

and we obtain (|5.4p . 

Acknowledgment: We would like to thank M. J. Slupinski for help in proving Lemma ETTl 
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